1. In our previous papers [1] and [2] we have observed several interesting and significant aspects of the generalized Josephus problem. In the present article we shall again concern ourselves with this problem. Thus, given a total number n b 1 and certain n objects numbered from 1 to n, and another integer m b 1, called the reduction coe‰cient, we arrange these n objects in a circle and, starting with the object numbered 1, and counting each object in turn around the circle, we eliminate every mth object until all of them are removed. By a m ðk; nÞ ð1 a k a nÞ we denote as before the kth Josephus number, that is, the object number to be removed in the kth step of elimination. It is evident that we have 1 a a m ðk; nÞ a n ð1Þ and a m ð1; nÞ 1 m ðmod nÞ; ð2Þ and that a m ðk þ 1; n þ 1Þ 1 a m ð1; n þ 1Þ þ a m ðk; nÞ ðmod n þ 1Þ; from which follows at once a m ðk þ 1; n þ 1Þ 1 m þ a m ðk; nÞ ðmod n þ 1Þ ð3Þ in view of (2); (3) is the fundamental relation due to P. G. Tait for the Josephus numbers a m ðk; nÞ (cf. [1; § § 1-2]). In e¤ect, the Josephus numbers a m ðk; nÞ ð1 a k a nÞ are completely determined by the conditions (1), (2) and (3).
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In what follows we devote ourselves to the study of the special case of k ¼ n and write for simplicity's sake d m ðnÞ ¼ a m ðn; nÞ as in [1] . We have then In the present note we wish to provide a proof for this metric result as an approach to the original hypothesis mentioned above. so that, in particular, the natural density dðHðnÞÞ exists and equals 1=n.
This is the special case k ¼ n of Proposition 3 in [2] .
Lemma 2. Suppose that p and q be prime numbers, p < q. Then, for any l p ð1 a l p a pÞ and any l q ð1 a l q a qÞ the number Zð p; q; l p ; l
so that, in particular, the natural density dðHðp; qÞÞ exists and is equal to 1=ðpqÞ. thus, h 1 ¼ 1 and the first congruence in the system (5) is absurd, so that we shall actually deal with (5) only for 2 a i a q.
We fix
For an arbitrary integer j ð2 a j a qÞ we contemplate the subsystem of (5):
The system of congruences (6) may admit a solution For j ¼ 2 we have plainly with 1 a h 2 a 2
For j b 3 the solvability condition for the system
which is equivalent to (6), is provided by Having determined m jÀ1 modulo M jÀ1 with ðh 1 ; . . . ; h jÀ1 Þ, we fix h j to the modulus d j by ðh 1 ; . . . ; h jÀ1 Þ according to the congruence (8), so that the number of possible choices for the value of h j turns out to be equal primarily to j=d j .
Setting Z 1 ¼ M 1 ¼ 1, we denote by Z j for 2 a j a q the number of di¤erent (i.e. incongruent) solutions m j ðmod M j Þ of the system (6), or of the system (7). Clearly Z q ¼ Zð p; q; l p ; l q Þ.
If 2 a j < p then we have
For j ¼ p, a prime, we have d p ¼ 1 and may arbitrarily fix the integer h p ¼ l p with 1 a l p a p, so that
for p þ 1 a j a q we find, as above, that
and finally for j ¼ q, a prime di¤erent from p, we have again d q ¼ 1 and, therefore, with h q ¼ l q , 1 a l q a q,
which was to be proved. Needless to add, our Lemma 2 can naturally be extended to the case in which three or more distinct primes are involved. Given an arbitrary finite set P of
is found to be equal to M s =D, where s is any integer not less than the maximal prime of the set P and D is the product of all primes p A P.
3.
We are now in a position to enunciate and establish our principal result about the hypothesis of Seki, as mentioned in § 1 above. We shall prove the following We have V ðQÞ < SðQÞ in view of (12), so that Remark. We note also that if the (upper or lower) asymptotic density were a completely additive probability measure over the subsets of the set of positive integers m, then, in our proof of the theorem, we could have directly appealed to the Borel-Cantelli lemma in probability theory; the density is not a completely additive measure, however.
